Abstract-Shear wave velocity measurements are used in elasticity imaging to find the shear elasticity and viscosity of tissue. A technique called shear wave dispersion ultrasound vibrometry (SDUV) has been introduced to use the dispersive nature of shear wave velocity to locally estimate the material properties of tissue. Shear waves are created using a multifrequency ultrasound radiation force, and the propagating shear waves are measured a few millimeters away from the excitation point. The shear wave velocity is measured using a repetitive pulse-echo method and Kalman filtering to find the phase of the harmonic shear wave at 2 different locations. A viscoelastic Voigt model and the shear wave velocity measurements at different frequencies are used to find the shear elasticity (μ 1 ) and viscosity (μ 2 ) of the tissue. The purpose of this paper is to report the accuracy of the SDUV method over a range of different values of μ 1 and μ 2 .
I. Introduction I nspection of the elastic properties of tissue is an emerging field in medical imaging research. one way to measure the viscoelastic properties of tissue is to measure shear wave propagation in tissue and calculate the shear wave velocity. Using this value, the shear modulus of the tissue can be calculated. The shear modulus of tissue has been shown to be an indicator of the presence of disease in tissues such as breast and liver [1] - [3] .
several research groups have introduced various methods to induce and measure shear waves in tissue. Magnetic resonance elastography (MrE) uses an acoustic driver to induce shear waves and an MrI scanner to measure the resulting motion [4] . other groups have used either mechanical actuators or ultrasound radiation force to induce shear waves and ultrasonic imaging techniques to measure the wave propagation [5] [6] [7] [8] [9] [10] [11] [12] .
Most of these methods only estimate the shear elastic modulus from the shear wave data; however, there have been efforts by some groups to use dispersive models that account for the viscoelastic nature of the tissue [13] [14] [15] [16] . To account for the viscoelastic nature of soft tissue and take advantage of the dispersive behavior of the shear wave velocity, chen et al. introduced a method called shear wave dispersion ultrasound vibrometry (sdUV), which uses ultrasound radiation force to produce a harmonic shear wave and measure its propagation [17] , [18] . This is performed at multiple frequencies to analyze the dispersion of the shear wave velocity, and then those values are fit by a model to obtain the shear elasticity and shear viscosity of the tissue.
Errors in the viscoelastic property estimates could impact diagnosis and potential treatment options. some of the sources of error in this estimation relate to the accuracy of the measurement of motion. accurate measurement of the shear wave propagation can depend on the tissue displacement amplitude, signal-to-noise ratio (snr) of the ultrasound or MrI system, and patient motion whether internal or external.
The goal of this paper is to report the error sensitivities of the sdUV technique for estimating viscoelastic properties of tissue.
II. Methods
The displacement of a propagating shear wave can be modeled as [13] 
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where D 0 is the displacement amplitude at r = r 1 , α s (ω) is the shear wave attenuation, ω is the angular frequency of the shear wave, and k r (ω) = ω/c s (ω), where c s (ω) is the shear wave velocity.
In a viscoelastic material modeled by the Voigt model the shear wave velocity and attenuation can be calculated with the following equations [16] :
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The shear wave velocity with the error terms included is 
where ˆ. 
The shear wave velocity error has a distribution defined by its mean, μ e , which we also call bias, and standard deviation, σ e , which we call the jitter. This error will then influence the error of the estimates of μ 1 and μ 2 . shear wave attenuation will cause propagating shear waves to decrease in amplitude with distance. Therefore, the 2 phase measurements will be of vibration with different amplitudes. Using simulation data, we can estimate the phase bias and jitter associated with different displacement amplitudes. We can use these parameters to model Δϕ e and use (2) and (7) to find the errors of estimating μ 1 and μ 2 .
III. simulation and Experiment
A. Simulation a motion detection model of a vibrating scattering medium was used to analyze measurement errors of the vibration phase in a scattering medium [19] . This motion detection model uses pulse-echo measurements of a group of vibrating scatterers, a phase-based method [20] to estimate the motion, and a previously described Kalman filter to extract the displacement amplitude and phase [21] . The model used 1000 unique scattering phantoms to evaluate the bias and jitter associated with harmonic motion detection in a scattering medium.
For a given combination of μ 1 and μ 2 , the true values of c s (ω) and α s (ω) were calculated for a range of frequencies using (2) and (3), respectively. Given Δr, the calculated c s (ω) can be used to find the phase shift Δϕ. assuming a value of D 0 at r 1 = 2.0 mm from the excitation point, the displacement amplitude at r 2 can be found using α s (ω) and (1) for the frequency range of interest. Using the results from the computational model in [19] , the values of μ e and σ e can be determined and substituted into (6) . This distribution can then be used to find ĉ s w ( ) in (7).
The mean of ĉ s w ( ) at each frequency is used and the resulting points are used to perform a nonlinear regression of (2) in MaTlaB (The MathWorks, Inc., natick, Ma) using a function called nlinfit.m to find estimates of μ 1 and μ 2 . The effective shear wave velocity at each frequency could be expressed as ˆ. 1 shows the true and estimated shear wave velocities for 2 different combinations of μ 1 and μ 2 as an example of the data generated using this model. To assess the error sensitivities of the sdUV method, we modeled the effect of phase errors on estimates of shear wave velocity and material property while varying parameters such as μ 1 and μ 2 , shear wave amplitude, Δr, signal-to-noise ratio (snr) of the ultrasound pulse-echo method, and the frequency range of the measurements. For the purposes of this study, we assume that errors in Δr are negligible.
The ranges for μ 1 and μ 2 were 0 to 20 kpa and 0 to 10 pa·s, respectively, as these ranges are of clinical relevance for different soft tissues such as liver and skeletal muscle [2] , [3] , [18] , [22] . The default parameters for the simulations were D 0 = 1.0 μm, Δr = 4 mm, snr = 35 dB, and f m = 400 Hz. The shear wave velocities at 100, 200, …, f m were used for the curve fitting to find μ 1 and μ 2 .
The default parameters were chosen based on experience with reported experiments [18] , [19] . an initial displacement of D 0 = 1.0 μm for each frequency component is achievable in most cases with radiation force excitation. a distance between measurements of Δr = 4 mm provides enough phase change to adequately determine the phase velocity of the shear wave. an snr of 35 dB should be achievable in the imaging of soft tissues at reasonable depths of 3 to 5 cm. a maximum frequency of f m = 400 Hz will provide 4 data points for dispersion analysis. The shear wave should still have enough amplitude to be tracked adequately at 400 Hz. curve fitting with 4 points has been found to be robust enough to accurately estimate the viscoelastic material properties.
B. Experiment
To evaluate variation of the aforementioned parameters on the shear wave velocity and material property measurements and to validate the computer model we performed in vitro sdUV experiments in a section of porcine muscle.
The porcine tissue was embedded in a gelatin block made with 300 Bloom gelatin (sigma-aldrich, st. louis, Mo) with a concentration of 10% by volume and glycerol (sigma-aldrich) with a concentration of 10% by volume. Ultrasound radiation force was produced using tonebursts of 3.0 MHz ultrasound with lengths of T b = 200 and 400 μs repeated at a rate of 100 Hz.
The pressure was measured by a needle hydrophone with 0.2-mm diameter active area (Hnp-0200, onda corporation, sunnyvale, ca) with a preamplifier (aH-2010, onda corporation) in water. The spatial peak pulse average intensity, after derating by 0.3 dB/cm/MHz for 2 cm of tissue (I sppa,0.3 ), of the tonebursts with lengths of T b = 200 and 400 μs were 52.2 and 32.8 W/cm 2 , respectively, and the spatial peak time average intensity (I spta,0.3 ) of the sdUV sequence with lengths of T b = 200 and 400 μs were 1.045 and 1.310 W/cm 2 , respectively. These values are above the Food and drug administration (Fda) regulatory limit of 720 mW/cm 2 [23] . The values for the 2 different toneburst lengths of I sppa,0.3 are different because of some power drop in our amplifier that is observed more for the longer toneburst. The mechanical index (MI) for this experiment was 1.06 and 0.99 for tonebursts with length 200 and 400 μs, respectively.
The repetition of these tonebursts produces a multifrequency radiation force with components at harmonics of this repetition frequency. Tissue motion is measured using pulse-echo ultrasound at 7.5 MHz (EcHo Ultrasound, lewistown, pa). Both transducers were co-focused before the experiment. The excitation transducer was moved to change Δr while the pulse-echo motion detection transducer remained fixed. For each measurement position, 5 measurements were made to make the results more robust, and the mean value of those 5 measurements was used for further analysis. a diagram of the experimental setup is shown in Fig. 2 . The echo data were processed with methods described by Hasegawa and Kanai [20] and Zheng et al. [21] . Values of μ 1 and μ 2 were calculated from measured shear wave propagation velocity in the muscle tissue both along and across the muscle fibers. (2) . open circles represent μ e , the mean of phase difference error Δϕ e ; the error bars represent one standard deviation, σ e , of Δϕ e . (a) μ 1 = 2.00 kpa, μ 2 = 2.00 pa·s; (b) μ 1 = 11.00 kpa, μ 2 = 4.00 pa·s. Fig. 2 . diagram of the experiment on porcine muscle embedded in a gelatin phantom. The excitation transducer produces radiation force. This transducer is moved during the experiment to increase Δr both along and across the muscle fibers. The muscle fiber orientations are shown above. The pulse-echo transducer was fixed and measured the motion due to the propagating shear wave. Fig. 3 shows images of the shear wave velocity and attenuation for varying values of μ 1 and μ 2 for f = 100, 300, and 500 Hz evaluated using (2) and (3). This and the following figures will have the values of μ 1 on the x-axis and μ 2 on the y-axis. It should be noted that all panels have different scales. shear wave velocity and attenuation both increase with increased frequency. The shear wave attenuation has a very high peak for shear viscosity just greater than 0 pa·s and very low values of shear elasticity. The shear viscosity of water and other liquids, which do not support shear stresses, is about 0.001 pa·s [24] . Therefore, the closer the value of μ 2 comes to the value for liquids, the higher the attenuation or resistance to allow propagation of shear waves becomes. For the idealized case of μ 2 = 0 pa·s, the shear wave attenuation is identically zero in the Voigt model, i.e., a purely elastic medium. This is a limitation of the Voigt model since a purely elastic medium does not exist in nature. However, this exercise does demonstrate what would happen if a purely elastic medium is assumed. To evaluate the precision of this method, we used the data for measurements made along and across the fibers with the following parameters T b = 200 and 400 μs, Δr = 4 mm, and f m = 500 Hz. The shear wave velocity estimates from the 5 measurements with mean and standard deviation are shown in Table I . For each set of shear wave velocity estimates, μ 1 and μ 2 were estimated and the mean and standard deviation are summarized in Table II. V. discussion
IV. results

A. Simulation Results
The model showed that errors in the material property estimates were minimized by maximizing shear wave amplitude, pulse-echo snr, Δr, and the frequency range used. However, it is expected that the values of Δr and the frequency range used would be limited as the displacement would fall to a level where the bias and jitter of the phase becomes too large and the errors actually increase. This phenomenon was demonstrated in the experimental results. The experimental model showed optimum performance could be obtained for Δr = 3 to 6 mm, with a frequency range of 100 to 600 Hz, an experimental snr of about 38 dB, and shear wave amplitude on the order of a micron or less. This optimum performance was for this particular experimental model, and those optimal parameters will vary depending on the medium being investigated. Given a range of expected values μ 1 and μ 2 , this simulation model could be used as a guide to determine the optimal parameters. This would have to be confirmed by experimentation. The default values of the simulations were based on these ranges for the model input parameters to provide a basis for comparison. The frequency range and value of Δr were limited because attenuation reduced the motion amplitude to a point that accurate measurements could not be made. due to this limited spatial extent, the material property estimate is localized within a few millimeters and should be largely unaffected by boundary conditions. The values of the viscoelastic properties exhibited about a 2:1 ratio when comparing the properties along and across the muscle fibers. This type of relationship has also been reported in other studies [18] , [25] .
We can relate the simulation results to physical relationships. as D 0 increases, the motion estimation is prone to less error, particularly phase errors which are directly related to measurement of the shear wave velocity. When Δr and ω increase, Δϕ will increase, and this is important because the shear wave velocity error is inversely proportional to the (Δϕ) 2 , as was demonstrated in (9). With reduced phase velocity error, the material property estimates will improve.
The variation in the shear wave velocity estimates at a given frequency, shown in Table I , is very small as is the variation in the material property estimates, evident in Table II . It was observed that a higher value of T b yielded lower variation, probably because the displacement amplitude was higher. This is in agreement with the simulation results where increases in D 0 led to lower levels of error.
The experimental results showed 2 distinct combinations of μ 1 and μ 2 in the relatively wide range of combinations for μ 1 and μ 2 studied through the computational model. Given the experimental estimates of μ 1 and μ 2 and the other experimental parameters such as D 0 , snr, Δr, and f m , the computational model predicts the μ 1 error ranging between 1.22 and 2.46 kpa and between 0.24 and 0.75 kpa for measurements along and across the muscle fibers, respectively, and the μ 2 error ranging between −0.02 and −1.42 pa·s and between −0.04 and −0.21 pa·s for measurements along and across the muscle fibers, respectively. These ranges are larger than the variation in the measurements shown in Table II. 753 UrBan ET al.: tissue material property errors from shear wave dispersion ultrasound vibrometry assuming that convergence of the material property values is a way to assess the true value in the experiment, we can evaluate how different parameters determine the precision of the measurements. divergence from the previously stated average values occurs at the lower values of Δr and f m , which agrees with the simulation model. However, it was also shown that divergence occurs at the higher values of Δr and f m evaluated, which is probably due more to effects from attenuation of the shear waves and from increasing phase errors.
The material property errors in the simulations were largest for 3 different combinations of μ 1 and μ 2 , low μ 1 and high μ 2 , high μ 1 and high μ 2 , and high μ 1 and low μ 2 . These errors can be understood by considering how errors in shear wave velocity would bias the estimates of the material properties. When μ 1 is low and μ 2 is high, the terms with μ 2 dominate the determination of c s (ω), and estimation of μ 1 and μ 2 is very sensitive to bias and slope changes in c s (ω) values. When μ 1 is high and μ 2 is high, the values of c s (ω) at low frequencies are very similar so accurate estimation of μ 1 and μ 2 becomes more prone to errors. Underestimation of μ 2 occurs when μ 1 is high and μ 2 is low. In this case, μ 1 has a large role in determining c s (ω) and the dispersion may appear less than it truly is, and the estimates are lower than the true value of μ 2 .
This study was based on using the Voigt model for estimating μ 1 and μ 2 . chen et al. showed that for similar bovine tissue, the Voigt model captures the dispersion of the shear wave velocity very well for the frequency range examined in this study [18] . The medium and data should dictate which model should be used, as the Voigt model may not be appropriate for all types of tissue or organs. In this case, the model presented in this paper should still be valid except for the use of (2) and (3), which are specific to the Voigt model. different equations could be substituted that fit the problem but the overall analysis for errors in wave velocity measurements should hold.
To assess the true rheology of a medium, the shear wave velocity and attenuation dispersion should be characterized. Therefore, error may arise from estimating the material properties from one parameter, in this case, the shear wave velocity, especially if the rheological model used is not correct. To improve robustness of material property estimates, the shear wave attenuation dispersion could also be utilized. However, displacement amplitude detection is typically prone to more error than phase mea- surement [19] , so shear wave velocity has been used more frequently. The model is also based on assuming that the error term ϕ e,1 and ϕ e,2 parameters are normally distributed. This was chosen primarily to make the mathematical modeling analytically easier, but it did seem to provide the best fit to simulated data when different distributions were compared. The phase errors are specific for the excitation and motion tracking point-spread functions used, so applications using different transducers could be modeled using the theory presented in [19] . depending on experimental data for different applications, the distribution used for these error terms could be changed and the model could be reformulated based on these changes.
When sdUV experiments are performed, the displacement amplitude at the excitation point for all frequency components is assumed to be equal. The radiation force excitation has a frequency-domain envelope defined by a sinc function. For tonebursts of length 200 and 400 μs and a toneburst repetition rate of 100 Hz, the magnitude of the force components from 100 to 700 Hz vary by 3.2% and 12.2%, respectively. Typically, the first motion measurement is made about 2 mm from the excitation point to avoid interference from the toneburst used for radiation force, so the displacement amplitude of components at different frequencies could decay to values that are slightly different from each other based on the values of μ 1 and μ 2 and the attenuation at different frequencies. For the results presented in this study, the amplitudes were considered equal, but compensation techniques for this phenomenon may need to be explored in future work, either by working out a method to get reliable measurements at the excitation point or by compensating for attenuation that may occur in a short propagation distance. diffraction of the shear waves from the radiation force is also neglected in this study and may be a source of error. diffraction will affect the lower frequency measurements of shear wave velocity. The use of a wide bandwidth of the shear wave velocity for material property estimation assists in reducing the effects of the error due to diffraction.
This model neglected any errors associated with errors in Δr. phase aberration and focusing errors could create errors in the position that motion measurements are performed. However, depending on the frequency of the shear wave and its velocity, the variation in the phase measure- ment associated with Δr errors may be small and have a minimal effect on material property estimation. In the experiment, a stepping motor system was used that has a resolution of 2.5 μm so positioning of the motion detection transducer should be very precise.
The I spta,0.3 used in this experiment is greater than the Fda regulatory limit of 720 mW/cm 2 [23] . The values reported here were measured in water and derated for the tissue encountered. To reduce the intensity, the voltage levels, toneburst length, or repetition frequency of the pushing toneburst could be decreased to yield intensity values that would be within the regulatory limit.
The advantage the model offers is a way to optimize experimental parameters to achieve reduction in sdUV measurement errors for clinically relevant values of μ 1 and μ 2 . The simulation model has been validated and can be used to provide benchmarks for application design for clinical tests. Given a set of acceptable limits on the error specifications and expected values of μ 1 and μ 2 for a clinical application, the appropriate input parameters including D 0 , snr, Δr, and f m that meet that set of specifications could be selected. This includes using different parameters to offset limitations that may be present. For example, if the tissue under investigation is expected to be quite stiff, having large values for μ 1 , the value of achievable D 0 may be low but if system snr can be increased, this may provide suitable compensation to achieve a reasonable error level. Future work could be devoted to determining the independence of input parameters that would assist in the optimization of appropriate combinations of the parameters to yield a specified error level.
VI. conclusions
We present a computational model and experimental approach to analyze errors in measurements of shear wave velocity and material properties using sdUV. The model provides a basis to explore different error sensitivities of parameters related to implementation of the sdUV method. The experiment in porcine muscle confirmed conclusions made by the model, providing confidence in using the simulation model as a platform for optimization for future applications of sdUV.
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